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Received: 4 January 2026 The fashion retail industry has experienced uncertain demand and
Accepted: 20 January 2026 volatile sales, influenced by new brands, seasonal patterns, and
Available online: 9 July 2026 frequent promotional activities. Hence, forecasting demand and sales is

a challenging task for which traditional forecasting methods often fail
by assuming stable sales patterns over time. To address the dynamic

Keywords patterns in sales, we propose a state-space model to predict sales of a
State Space Model, Mean Square fashion retailer from 1999 to 2017 in this paper. For this aim, a least-
Error squares optimization problem is introduced, in which the differences

between the real data and the model output are minimized. By
calculating gradients, the state-space model parameters are estimated,
and the model solution is updated at each iteration. The model output
shall closely approximate the real data at the end of the computation,
yielding a small mean squared error (MSE). The results demonstrate
that the proposed model successfully captures the complex dynamics
of fashion sales, with predictive accuracy improving dramatically,
where the MSE value decreased from an initial value of 0.015775 to a
final value of 3.2618x107!1, confirming its ability to generate highly
accurate forecasts for the volatile sales in the fashion retail sector.
Therefore, the state-space model is an effective tool for sales prediction
in fashion retail.

1. Introduction

Accurately forecasting customer demand is challenging in the fast-paced global fashion retail industry. The
shifting trends, seasonality, and rapid changes that characterize fashion sales are often overlooked by traditional
forecasting techniques like ARIMA, which assume that past patterns remain constant [1]. Fashion retailers face
unpredictable, fluctuating demand, especially for seasonal items, leading to costly stockouts or overstock.
Traditional time series forecasting methods are popular, but they are not good enough at capturing real-world
sales dynamics because they assume static data [2]. A more flexible modelling strategy is required to address this
research gap and improve prediction accuracy while reducing industrial financial risk.

To manage complexity, modern sales forecasting requires advanced computational tools. In supply chain
demand forecasting, [3] demonstrated that collective machine learning models, such as Voting Regressor,
significantly outperform conventional techniques. [4] highlighted the importance of structured adoption curves,
using the Bass Model with early sales data to accurately forecast the peak sales period for new items. Additionally,
[5] presented the importance of multi-source data by incorporating sentiment analysis from online reviews into
a simplified forecasting model for new energy vehicles, achieving high accuracy. It is noticed that the shift from
static models to hybrid or adaptive methods that better represent real-world sales dynamics is an ongoing trend
in these studies.
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A state-space model provides a strong foundation for examining dynamic, time-varying systems. By modelling
driver fatigue as a latent state emerging from observable signals, [6] detected it with excellent accuracy using a
customized state-space model with Kalman filtering. While [7] examined respiratory system models using the
state-space approach to understand parameter sensitivity and stability better. These approaches illustrate the
model’s main advantages, including managing unobservable variables, controlling temporal dependencies, and
producing results that are easy to understand. However, volatility issues and the need for adequate input data are
the limitations.

As a more flexible alternative, this paper explores the use of a state-space model to predict sales in fashion
retail. The state space model is excellent at replicating dynamic systems and latent trends over time. It offers an
effective way to improve prediction accuracy in the volatile fashion industry and to support better inventory and
business decisions. Given these reasons, our study proposes an advanced sales forecasting model to improve the
accuracy, efficiency, and adaptability of demand forecasting for a fashion retailer. We also analyse the fashion
retailer's historical sales data using descriptive statistics. Moreover, we predict historical sales data for a fashion
retailer using the state-space model, and assess the accuracy of the sales prediction using mean squared error
(MSE).

Since the fashion industry is a fast-paced, trend-driven sector where accurate sales forecasting is essential,
the dynamic state-space model would overcome the limitations of static forecasting techniques, making our study
significant for fashion sales prediction. Thus, fashion retailers can gain a competitive edge by using the improved
forecast to support real-time operational decisions, thereby improving inventory management, reducing waste
and boosting profitability.

2. Methodology
Consider a state space model,

x = Ax + b, (1)
y=Cx+d, (2)

where x is the state variable and y is the model output. While 4, b, C and d are the model parameters, with 4 is the
state transition matrix, C is the output coefficient matrix, and b and d are constant vectors. The initial state is given
by x(0) = xo. Here, Eq. (1) is the state equation and Eq. (2) is the output equation. The analytical solution for the
state equation is given by

x(t) = e4tx(0) — (I — e“)A b, (3)
and its discrete solution, with the sampling time A¢, is written as

Xy = e2bx, — (I — A7 1D, (4)
Ve = ka + d. (5)

2.1Least Squares Optimization Problem

Denote ys be the historical sales data for a fashion retailer. We introduce a least squares optimization problem as
follows,

Minimize ] =2 (y = ¥5)7 (7 — %), (6)

over the state equation (1) and the output equation (2). The aim is to estimate the model parameters A, b, C and d
by observing the historical sales data, in turn, to update the model solution X so as the model output y can
approximate the real data ys as closely as possible.

The gradients with respect to the model parameters A, b, C and d are calculated by

2 =CT"H-y)@D, Y
2 =" -y"), 8)
2= @ -y)@N, )
2= @ -y)("), (10)

The model parameters are estimated through the following recursion equations,
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b+ = bl — ay (2, (12)
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with a4, @,, @3 and a, are the learning rates and i = 0, 1, 2, ... represent the iteration numbers.
In addition, the model solution is updated using the recursion equation below,

. . L
gt =xt — g (Z—i) , (15)
with the learning rate a5 and the gradient with respect to the model solution x is given by
L=C"O-5) (16)
ax sr

Hence, the state estimate, which is represented by the model solution (15), is determined. Referring to (5),
the model output estimate is then measured.

It is noticed that the first-order necessary conditions are satisfied when those gradients, (7) to (10) and (16),
tend to zero, for which the optimal model parameters and the optimal model solution, including the optimal model
output, can be resulted. The convergence will be reached once the stopping rule,

[Ji** —JY| < tolerance, (17)

is satisfied, where the objective function J from (6) at each iteration i is evaluated. Otherwise, the iteration is
repeated.

2.2 Computational Algorithm

From the discussion above, we summarize the calculation procedure as an iterative algorithm as follows.

Data Consider the initial values for the model parameters, A, bO, C°, d®and the initial state x°. Set
i = 0 to begin the calculation.

Step1 Compute the state equation (1) to give the model solution (4), and calculate the output equation
(2) to obtain the model output (5).

Step 2 Evaluate the objective function (6), and the gradients (7), (8), (9) and (10) with respect to the
model parameters.

Step 3 Update the model parameters from (11), (12), (13) and (14).

Step4 Evaluate the gradient (16) with respect to the state variable, and update the model solution (15).

Step5 Test the convergence. If the stopping rule (17) is satisfied, stop the calculation to give the
prediction solution. Otherwise, repeat the iteration, and go to Step 1.

The explanation for the first iteration is given as follows. The first iteration result at i = 0 is obtained by
sequentially applying the steps above using initial guesses for A%, b, C° d%and x°. First, the state equation x,,; =
eA"Mtx0 _ (] — eA°A1)(49)71p0 s solved to compute £°, and it is followed by the output $° = C°%° + d°. The

)

. . 1. - A s . o an\® (a)°
initial cost J© is then evaluated as ;(y0 —y.)T(#®° — v,). Using ° and x°, the gradients (B_A) ) (5) , (%) ,

a7\ : . .
and (é) are calculated according to the gradient formulas. These gradients are used to update the parameters
. . . . . . an\°
to A%, b, C1,d! via the updating rules with step sizes a; to a,. Simultaneously, the state gradient (é) =
< . . : - a5\° )
(€T — y,) is computed, and the state estimate is updated to £! = x° — a5 (é) . The outcome of the first
iteration is therefore the updated parameter set (A% b1 C1» d1), the refined state estimate %2, and the initial cost
value /. The algorithm then proceeds to test convergence by comparing /¥ (to be computed in the next
iteration) with J©, and continues iteratively until the stopping criterion is met.

The methodology relies on several critical assumptions to ensure the validity and applicability of the
identified model. First, the system is assumed to be linear time-invariant, as expressed by the state-space
structure X = Ax + b and y = Cx + d. This implies that the system dynamics do not change over time and that
superposition holds. Second, the discretization process is assumed to be exact and performed using the matrix
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exponential e42t, which requires that the sampling interval At is constant and that the continuous-time dynamics
are accurately captured by the zero-order-hold discretization formula provided. Third, regarding noise and
disturbances, the method implicitly assumes that the measurement data y, contains negligible noise or that the
noise is unbiased and sufficiently small such that the quadratic objective function J effectively approximates a
maximum-likelihood estimator under Gaussian noise. No explicit process noise is considered in the state equation,
implying that the model is deterministic and any unmodeled dynamics are absorbed into the parameter
estimation error. Finally, the initial state and parameter guesses are assumed to be sufficiently close to the true
values to allow gradient-based optimization to converge to the global minimum, as the algorithm does not include
explicit mechanisms to avoid local minima.

2.3Real Data

Fig. 1 shows the historical sales data that have been scaled from zero to one. The raw data, which refers to data
directly without any summarization or modification. Raw data itself is the original value collected from its source
that has not been processed. This graph aims to maintain complete information transparency where each point
represents a specific unit of data. For example, the graph in Figure 1 shows sales results against the year. We can
see the entire data distribution including repeated values and anomalies without any hiding that occurs.

Raw data graphs are particularly useful for small to medium-sized data sets where the number of observations
is not too large to cause visual congestion. They allow analysts to make direct interpretations based on the reality
of the data, avoiding potential bias. However, for large data sets, direct display of raw data can be less effective
due to the problem of overlapping points, making it difficult to interpret. In short, raw data graphs serve as the
most direct and transparent visual tool for representing raw information. They emphasize the importance of
showing every detail of the data, which is especially valuable in the early data exploration stage or when the
accuracy of every insight is critical. However, the appropriateness of their use depends greatly on the size and
nature of the data and the analysis goals to be achieved.

Data

0 5 10 15 20 25
Time

Fig. 1 Real Data

2.4 State Space Model Prediction Curve

Fig. 2 shows the relationship between time and the output of the system, where A =-0.11,b=0.09,C=1,d =0 and
X0 =0.1in (1) and (2). At the beginning of time, the output value is low, around 0.1, then increases continuously
as time increases. This increase indicates that the system responds positively to the initial input conditions.
However, the rate of increase in output does not remain the same. In the early stages, output growth is faster but
after some times, the rate of increase becomes more and more flat. This situation shows that the system is
approaching a stable value.

From the state space model perspective, the pattern reflects a dynamically stable system. The output does not
show any oscillations or overshoots, but moves smoothly towards the maximum value. This indicates that the
model used is well controlled and suitable for long-term analysis. Overall, Fig. 2 shows that the system output will
continue to increase until it reaches a certain level of stability. In a forecasting context such as sales forecasting,
this can be interpreted as increasingly stable sales growth as the market approaches saturation. Therefore, this
state space model is suitable for describing and predicting the behaviour of a system that is gradually evolving.
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Fig. 2 State Space Model Prediction Curve
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3. Results and Discussion

Fig. 3 shows a comparison between the state space model output and actual sales data over the study period. The
model performance was evaluated using the mean square error (MSE) measure to see how accurate the estimates
produced were. At the initial stage of modelling, the MSE value obtained was 0.015775, indicating that there was
still a significant difference between the model output and the actual data. This situation is reasonable because
the model was still in the initial adaptation phase and has not yet reached full stability.
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Fig. 3 Results of Sales Prediction

As the modelling process continued, the model accuracy showed a clear improvement. At the end of the
process, the MSE value decreased significantly to 3.2618x10711, which was almost close to zero. This decrease
indicated that the model output has almost matched the actual sales data, thus proving the ability of the state
space model to capture sales patterns and dynamics well. Table 1 shows the MSE, time elapsed and iteration
number when the state space model is used to predict the historical sales data.

Table 1 Simulation Results
Iteration Number Initial MSE Final MSE Elapsed Time (s)
91 0.015775 3.2618x10711 0.0318651

In terms of computational efficiency, the time elapsed of 0.0318651 seconds was recorded and remained the
same throughout the modelling process. In addition, the number of iterations required to reach the final result is
91 iterations, indicating that the model converges quickly without requiring additional iterations. This reflects the
efficiency of the algorithm used in the MATLAB environment.

The prediction error’s minor variations are probably caused by a number of related factors that are part of
the modelling and optimization process. First, fixed learning rates (0.01 for parameters and 0.1 for states) are
used in gradient descent optimization. This can cause slight oscillations around the cost function minimum,
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especially when adaptive tuning mechanisms are not present. Second, residual unmodelled dynamics result from
the model’s structural simplicity as a first-order linear state space system, which restricts its ability to properly
represent nonlinear trends, seasonal components and external influences associated with actual economic data.
Third, during times of fluctuating growth rates, data normalisation by the maximum value might amplify modest
relative mistakes even while it improves numerical stability. Furthermore, small numerical approximations are
introduced by separating the continuous time system using matrix exponentials which build up across time steps.
Lastly, the gradient descent may converge to a local minimum as a result of sensitivity to initial parameter values
where tiny persistent error fluctuations persist because of the local curve of the cost surface. All these elements
work together to produce the residual variability that is shown, which is practically insignificant but represents
fundamental trade-offs between convergence behaviour, numerical accuracy and model complexity.

Overall, the combination of the very low final MSE value, the short processing time, and the consistent number
of iterations indicate that the developed state space model not only provides accurate estimates, but is also
computationally efficient. Therefore, the results in Fig. 3 confirm the suitability of this model for use in the analysis
and forecasting of sales data for this study.

Fig. 4 shows the variation of the prediction error measured over the study period. The horizontal axis
represents time, while the vertical axis shows the prediction error value. The MSE values shown are on a very
small scale, in the range of 1075, indicating that the difference between the model estimate and the actual data is
minimal overall.
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Fig. 4 Prediction Error

In the early stages of the study, it can be observed that the error value is higher and negative, indicating that
the model at this stage is still in the process of adapting to the sales data. This situation is likely due to the lack of
historical information in the early stages, which causes the state estimation to not be fully stable. However, the
error shows a decreasing trend as time increases, indicating an increase in the model's ability to track the actual
data.

In the middle period of the time series, the error value is found to be close to zero and remains relatively
stable. This situation reflects the good performance of the model, where the estimates produced are almost
identical to the observational data. The stability of the error during this period indicates that the state space model
has reached a steady-state and is able to model the system dynamics effectively.

However, some spikes in error can be observed towards the end of the study period. This sudden increase in
MSE values may be due to sudden changes in sales patterns or external disturbances not included in the model,
such as changes in market demand or seasonal factors. However, the magnitude of the error is still within a small
range, indicating that the overall performance of the model remains satisfactory.

Overall, the error analysis based on Figure 4 proves that the developed state space model has high prediction
accuracy. The low MSE value and the stability of the error over most of the study period confirm the suitability of
this model for use in modelling and forecasting future sales data.

4. Conclusion

This study sought to dissect historical sales data with the main goal of grasping sales behaviour. First of all, we did
some of the simplest calculations such as the average and the standard deviation of the sales numbers and then;
to make it easier to detect clear seasonal patterns along the time, we plotted those numbers in the form of graphs.
These seasonal patterns along with the amount of variation were the main ingredients for our state space model
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that could spot the latent trends and eliminate the noise from the historical sales numbers thus obtaining a neat
line that represents the real underlying sales pattern.

To see to what extent the model really functioned, we looked at the model's forecasts against the actual
historical sales and calculated the Mean Squared Error which was equal to 3.5032. Such a low number indicates
that the model is precise and can be used in sales forecasting, hence, the state space approach is confirmed as a
valid tool for the analysis and prediction of sales behaviour in fashion retail. There are some limitations identified
during the research. A small set of data will constrain the ability to accurately predict. A limited volume of data
increases the risk of overfitting, where the model may capture noise rather than underlying pattern. This method
only can be used when there is little noise in the data. Too much noise will distracting the results. The state space
model is more suitable for measuring linear data. If the method is used to measure a volatile date, the result will
not be so accurate. To improve the research in the future, there are some recommendations we would suggest.
Firstly, it is important to use a significantly larger dataset. With a lot of data, it will improve the accuracy of the
result and boosting reliability. Secondly, real-world data usually contains noise that will affect the accuracy of
prediction. Future study should intentionally test the method with noisy data. This could make the method more
accurate and beneficial. Finally, it would be helpful to compare this method with other modern techniques,
especially modern machine learning methods. This comparison will show if the new strategy succeeds over the
others, performs worse, or is about the same. It could also be helpful in combining the most beneficial aspects of
each approach.
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