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Differential Equations, Integral method to dynamics of linear first-order and second-order ODEs with
Transform, Exact Solution, System of  constant coefficients. This technique is proved to be efficient by its
ODEs comparison with the precise solutions acquired by MATLAB. Numerical

solutions of two representative problems such as a chemical kinetics
model and a second-order system coupled system, the SAWI
transformation yields a solution that is identical to the analytical
solutions of the test problems involved. The results also propose the
potential of SAWI as an effective, accurate and computationally feasible
alternative to conventional numerical approaches to the solution of
ODE systems with broad implications to applied mathematics,
engineering, and scientific modelling.

1. Introduction

Ordinary differential equations (ODEs) are more than just theoretical concepts in math; ODEs are applied in many
fields. In physics, which is in the domain of mechanics, ODEs present object motion under forces that include the
second law of Newton. In biology, ODEs are used to model population growth as well as the spread of viruses. Also,
in economics ODEs play a role in that of investment growth or decline over time. In engineering these equations
are a tool for design of structures like electric circuits, bridges, and control systems [1],[2].

One of the earliest starting points for the study of ODEs serving as a preface to mathematics, engineering, and
science students is the textbook by Morris Tenenbaum and Harry Pollard in 1963 [3]. Following these steps,
further contributed to the topic by studying damping descriptions using fractional operators [4]. The crucial role
played by numerical solutions. Numerical solutions come very handy for ODEs where exact or analytical solutions
are not readily obtainable or cannot be given explicitly [5]. The SAWI transformation is an integral transformation
derived from the Fourier integral. It was proposed as an effective tool for solving linear and nonlinear ODE and
partial differential equations. The basic properties of the SAWI transformation include linearity, scaling, and
translation, which make it versatile for different types of ODEs [6]. A major aspect of the SAWI transformation is
that it can accommodate both initial conditions and derivatives, which are both fundamental to the dynamic
behaviour of a system. The SAWI transformation also has linear and scalable attributes and therefore can be easily
adapted to address a wide array of problems across all fields of engineering and science [1],[2].
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Solving systems of ODEs is a difficult issue which also grows when many interrelated variables are present.
The traditional approach and non-traditional methods of solution is time and computation heavy. Also, it is a fact
that not all these methods are guaranteed to present exact solutions which is a break point in very sensitive areas
like chemical engineering or aerospace. Therefore, there is a need for a method that can provide accurate solutions
with less computational effort. The SAWI transformation presents a promising approach, but its application to
systems of ODEs remains underexplored and less known among undergraduate researchers [1].

This study aims to solve systems of ODEs using the SAWI transformation method and compare SAWI
transformation method with exact solution.

2. Methodology

This section outlines the systematic approach used to apply the SAWI transformation in solving systems of ODEs.
The study focuses on linear systems with constant coefficients, and the procedure is implemented using
mathematical software MATLAB R2025b for validation and comparison.

2.1System of Ordinary Differential Equations

The standard form of system of ODEs of the n th order with conditions is considered as
fi (5300, 710, =+, 7 (), 72 (0, 7. G0, 7™ (), 9, (), 9 (), -+, 95 ()

0
0

£ (33160, 9GO, -+, 7™ (00, 72 (0, 9GO, -, 7™ (), 9, (), 9 (), -+, 95 () = )
’ ()] ’ ‘ . n) ’ . m —
fp (x'}ﬁ(x).}ﬁ(x)' RS\ (X),yz(X),yz(X), Yo (x):}’p(x):}’p(x), Y (X)) =0
with initial values given for
Y1 (X0) = y10 Y1 (X0) = yig oy P xo) = viy Y
— ’ A (n-1) _ . (n-1)
y2(x0) = V200 Y2 (x0) = Vagr 2 Y2 (x0) = Y2, (2)

-1 -1
Vo (%0) = Ypor Vp(Xo) = Vpor 135" P (x0) = yp Y
Where f; fori = 1,2, ..., p are nonlinear continuous functions if its argument.

This study emphasizes the first order of a system of ODEs. The general form of first order of the system of ODEs
are:

y{ = f1(X,J’1,yZ, '"typ)
¥ = (%Y1, Y20 0 ¥p) 3)

y/; = fp(xlyllyZI ---:yp)
with initial conditions
y1(xo) = Vig: V2 (x0) = V2o ---')’p(xo) = Yoo (4)

2.2SAWI Transformation

The SAWI transforms of the function w(t),y = 0 is given by
o (X
S =5l e@e Grdr =T(0),0>0 (5)
Kt =L u@e T g = 72
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2.2.1 SAWI transformation of derivatives of function

The following results are obtained by applying integration by parts to the SAWI transform and can be found in [2].
Table 3.1 presents the SAWI transformation of derivatives of function.
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Table 1 SAWI transformation of derivatives of function

No. Function of derivatives SAWI transformation of derivatives

L w'(t) %T(a) — %w(o)
2 w"(t) %T(a) - éwm) - %w’(O)
3.
4. p1 ~(k-1)
1 P
() _ _ _
w®(t) —7(0) ; (0) w®(0)

2.2.2 Characteristics of SAWI transformation

The following are the characteristics of SAWI Transformation, which make it suitable for solving system of ODEs.
i. Linearity property of SAWI transformation

Slaw; (t) + Bw, ()] = [aT (o) + BT, (0)]

Where a and § are arbitrary constants.

il. Scaling property of SAWI transformation
S{w(kt)} = kT (ko)
iil. Translation property of SAWI transformation

1
S{eM w(kt)} = (1—ko)? T (1 _ng)

2.2.3 Some fundamental functions with their SAWI transformation

Some fundamental concepts of SAWI transformation involve its basic formula for transforming functions into
algebraic expressions and the derivative formula, which allows differential terms to be simplified while
automatically incorporating initial conditions [2].

Table 2 Fundamental functions with their SAWI transformation

No. w(t) S{w(kt)} = kT (ko)
1
1. 1 —
o
2 t 1
3. t2 20
4, t2,pEN ploPt
5. tP,p > —1 T(p+ 1)oP™?
1
at -
6 ¢ o(1-ao)
' a
7. sin(at) 1+ (a0)?
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10.

Table 2 (Continue)

cos(at)

sinh(at)

cosh(at)

1
o(1+ (ao)?)

a
1 — (ao0)?
1
o(1 - (ao)?)

2.2.4 Inverse SAWI transformation of some fundamental functions

The function w(t) is called the inverse SAWI transformation of the function T (o) if it has the following property
S{w(t)} = T(0). In symbolic form, it is written as S™{T (0)} = w(t) [2].

Table 3 Inverse SAWI transformation of some fundamental functions

No. T(o) S{w(kt)} = kT (ko)
1
1. — 1
o
2. 1 t
2
3. o t_
2!
1 tP
p— _
4. gP™ ,pEN o
1 tP
5. Pmp>—-1 —_—
7o T(p+1)
1
P — at
6 o(1—ao) ¢
7 a sin(at)
' 1+ (ao)? a
g : (at)
' o(1 + (a0)?) cosia
9 a sinh(at)
: 1 — (ao0)? a
10 ! h(at)
. o= (@)D cosh(a

The following table presents the list of essential symbols used throughout this study along with their

corresponding meanings.
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Table 4 List of Symbol
List of Symbol Meaning
t Independent (time) variable
Dependent / state variables of the
yi(® system

yi' (1) First derivative of y; with respect to t

n Order of the differential equation
p Number of equations in the system
Xo Initial value of independent variable

Vio Initial value of y;

S{-} SAWI transformation operator
ST} Inverse SAWI transformation
w(t) General function .in SAWI

transformation
c SAWI transform parameter (o > 0)
T(o) SAWI transform of w(t)

Dij Constant coefficients of the system
qi(t) Source / input functions

I Initial condition values

Y State vector

P Coefficient matrix

Q(t) Input vector

R Initial condition vector

kq, ko Reaction rate constants

B Initial concentration constant

2.2.5 SAWI transformation for system of ODEs

Consider the following first order system of ODEs

dy1

e Pu Tt P12Y2 + TPy, t+ q:(t)

dyz

ar _ P2i)1 t P22y ot D2pYp t+ q(t)

dy .
=L = P11 T PpaY2 o+ PppYp + G (1) 7)
with initial conditions

)’1(0) = 7‘1;}’2(0) = Tz""')’p(o) =17

(8)
where:
P11, P12, P1p»
P21, P22, » P2p»
Pp1:Pp2, """ Ppp>
The matrix visualization of the system (7) with initial condition (8) is
S =PY+Q@t) 9)
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with
Y(0)=R
where
_%_
ddt P11 Pz 7 P [d1(t)
d_Y= D2 _ P21 P22 T P2p 0= q2(t)
7 A K R R :
d.ﬁ Pn1 Pnz ° Ppp 1 dp(t)
L dt -
B4 y1(0) 117
T,
Y=¥ZJ@)=y4®.me= i
Yo Yo (0) U
Operating SAWI transforms on system (7) and applying initial conditions (8), we have
1
(2= pu) SO = oSl == pyS{y} = St} + 4
1
—p21 S} + (; - pzz) Sy} — - prS{yp} = S{q, ()} + %

iS00 = poasr) = o+ (5= i) ST} = slap 0} + 5

Using Cramer rule, the solutions of algebraic system (10) are given by

T
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1 n
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: i ) :
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S{y.} = 1
(; - P11) D12 —Pip
1
—P21 <; - Pzz) —P2p
1
o S .
1 T
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1 2
P21 (;_Pzz) S‘(Qz(t)}‘l'?
: ,
—Pp1 —Pp2 S{Qp (t)} + ?
1
<; - P11) P12 —DP1p
w (5-ra) s
P21 5 P22 2p
PP -rm)
p1 p2 o Per
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Expanding these determinants, we have
S{Y1}:5{Y2}:“‘15{yb} (12)
The inverse SAWI transformation of these functions gives the required values of
Yu Y2 Yp (13)

3. Result and Discussion

This section presents the numerical and graphical outcomes obtained from solving systems of ordinary
differential equations using the SAWI transformation method. The results are compared with exact solutions
derived analytically and computed using MATLAB.

3.1Test Problem: First-Order Chemical Kinetics Model

Consider the following system of ordinary differential equations from the application of the field physical-
chemical for determining the concentrations y;, y, and y; of two reactants k;and k, [1].

i = —kiys
V2 = kiy1 — ko v,
vz = kv,

with initial condition

y1(0) = B,y,(0) = 0,y5(0) =0
and given the exact solution (from MATLAB R2025b),

y1(t) = pekat

ya() = B2 Bae

—ky+kq —kp+kq (14)

_ Bkle_kzt Bkze—klt
—ky+kq —ky+kq

y3(t) =p

When we use the value of the constant § = 1,k, = 1 and k, = 2, the system becomes
Yi=—0
Y2 =Y1—2Y2
¥z =2, (15)

¥1(0) = 1,y,(0) = 0,y3(0) = 0 (16)

And given the exact solution for § = 1,k; = 1 and k, = 2 (from MATLAB R2025b)
@) =et
y(t) =et—e”
y3(t) =1+e 2t —2e7t (17)

with

2t

3.1.1 SAWI transformation Solution

The solution of the test problem using SAWI transformation as follows: [1]

Applying the SAWI transformation method to the system (15), we get
Syi}+ S} = 5{0}
=S} +25{y.} + S{yz} = {0}
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—25{y2} + S{y3} = 5{0} (18)
Using the derivative function of SAWI transformation in (18) and substitute initial condition (16), we have
1 1
—-+1)5 =
(C+1)s0m) 1 y
~st} + (> +2) 50 =0
—25(n,} + (3) Slya} =0 (19)
Using Cramer rule, the primitives of (18) are determined by
1
— 0 0
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o
1
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o
(20)
1
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-1 0 0
1
0 0 —
g 1 1
Sy} = 1 = -
E+1 0 0 c(1l+0) o+ 20)
1
-1 <— + 2) 0
7 1
0 -2 Z
o
(21)
Z4+1 0 —
<a + ) o2
1
-1 <— + 2) 0
o
0 -2
1 2 1
- v
{ys} <;+1) 0 0 o\ T30 1+20
1
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o
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Operating inverse SAWI transform on equations (19), (20) and (21), we have
1= s {0'(1+a)} =e” (23)
— ¢-1 i 1 _ ot _ -2t
Y2 = § {a(1+a) a(1+20')} =€ € (24’)
_ 1 2 1 - —
v =S L (1o )l =1 zet e 25)

This shows that the SAWI transformation method can be used to solve systems of ODEs accurately. Since the
results are identical to the exact solutions, the SAWI method is a reliable and suitable alternative when exact
solutions are available, as it gives the same answers without approximation.
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Using MATLAB 2025b, we solve the system (14) with the initial condition (15) to obtain the exact solution. The
numerical results obtained from exact values are presented in Tables 4.1 to 4.3 are compared with the SAWI

transformation. Tables 5, 6 and 7 show the result of y1(t), y2(t) and y3(t) for §=1,k1 =1and k2 = 2.

Table 5 Comparison of y4 (t) between SAWI transformation and exact solution

t Exact Value SAWI |Exact — SAWI|
0 1.0000 1.0000 0.0000
1 0.3679 0.3679 0.0000
2 0.1353 0.1353 0.0000
3 0.0498 0.0498 0.0000
4 0.0183 0.0183 0.0000
5 0.0067 0.0067 0.0000
6 0.0025 0.0025 0.0000

Table 6 Comparison of y, (t) between SAWI transformation and exact solution

t Exact Value SAWI |Exact — SAWI|
0 0.0000 0.0000 0.0000
1 0.2325 0.2325 0.0000
2 0.1170 0.1170 0.0000
3 0.0473 0.0473 0.0000
4 0.0180 0.0180 0.0000
5 0.0067 0.0067 0.0000
6 0.0025 0.0025 0.0000

Table 7 Comparison of y3(t) between SAWI transformation and exact solution

t Exact Value SAWI |Exact — SAWI|
0 0.0000 0.0000 0.0000
1 0.3996 0.3996 0.0000
2 0.7476 0.7476 0.0000
3 0.9029 0.9029 0.0000
4 0.9637 0.9637 0.0000
5 0.9866 0.9866 0.0000
6 0.9950 0.9950 0.0000

From Tables 5, 6, and 7, it can be observed that the SAWI transformation results are identical to the exact solution
for all values of t from 0 to 6. The absolute error is zero for every entry, confirming that the SAWI method provides

exact solutions for this system.

3.1.3 Graphical Representation of Results for SAWI Transformation

Fig. 1 to Fig. 3 show the comparison results of y, (t), y,(t) and y;(t) with the exact solution for § = 1,k; = 1 and

k2:2.
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Comparison of y4(t): SAWI vs Exact

Exact
— — SAWI

[¢] 1 2 3 4 5 6

Fig. 1 Comparison of y;obtained using the SAWI transformation with the exact solution
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Fig. 2 Comparison of y,obtained using the SAWI transformation with the exact solution

] Comparison of y;(t): SAWI vs Exact
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t

Fig. 3 Comparison of y; obtained using the SAWI transformation with the exact solution

4. Discussion

The results confirm that the SAWI transformation method provides exact solutions for the first-order linear ODE
system modelling chemical kinetics. SAWI’s strength lies in its algebraic transform approach, which converts
differential equations into a solvable algebraic system, eliminating discretization errors and avoiding stability
issues common in iterative methods like Runge-Kutta. The method also automatically incorporates initial
conditions during transformation, simplifying the solution process.

These findings support earlier studies by [1] and [2], reinforcing SAWTI’s reliability as an exact and efficient
method for linear ODE systems. SAWI is particularly suitable where analytical precision is required, offering a
viable alternative to conventional numerical techniques in both educational and applied settings.

5. Conclusion

The SAWI transformation method was employed in this study to successfully solve selected systems of ordinary
differential equations. Based on the results obtained through the application of the SAWI transformation and the
subsequent analysis of the data, the derived analytical solutions were validated against appropriate exact
solutions. The results and graphical comparisons presented demonstrate that the solutions obtained using the
SAWI transformation exhibit excellent agreement with the exact solutions across all examples considered. The
close similarity of the solution curves indicates that the discrepancy between the SAWI solutions and the exact
solutions is minimal and negligible. A notable advantage of the SAWI transformation is its simplicity of
implementation, reduced computational complexity, and its capability to solve ODE systems without the need for
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discretization or linearization. The outcomes of this study confirm that the SAWI transformation serves as an
efficient and accurate analytical method for solving systems of ordinary differential equations.

Despite such positive findings, some limitations of the study are to be considered. The study is also restricted
to a small range of examples with certain initial conditions, which are not necessarily representative of the
behaviour of all the ODE systems. Furthermore, the examples utilized possess known exact solutions; thus, the
performance of the SAWI transformation in scenarios lacking exact solutions remains unexplored. Also, the
analysis of the relatively simple ODE systems has been done and more complex or higher-order systems are not
addressed. In light of these shortcomings and to elaborate on the existing results, some suggestions on the future
research are discussed. Future effort can be used to apply the SAWI transformation to nonlinear systems and uses
of nonlinear ODEs as well as real world engineering problems with variable coefficients. A comparative analysis
between the SAWI transformation and established numerical methods, such as Runge-Kutta techniques, could
further elucidate its accuracy and efficiency. Lastly, the SAWI transformation holds potential for extension to other
classes of differential equations and for application to a broader range of practical problems in science and
engineering.
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