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This paper explores the use of finite difference method (FDM) for the 
solution of an elliptic boundary value problem arising in one-
dimensional steady-state heat conduction. The main goals are 
developing the governing equation into a computational model and test 
the accuracy of the model using a computational approach. The 
suggested strategy will address the problem of forecasting temperature 
distributions when no analytical solution exists. A second-order central 
difference scheme is used to discretize the steady-state heat conduction 
equation, and the problem is reduced to a series of linear algebraic 
equations, which provide good approximations and errors of less than 
3% even on coarse grids, and approach machine accuracy with finer 
grids. Convergence analysis shows 𝐿2 and 𝐿∞ norms to test the second-
order accuracy of the method. The research findings indicate that FDM 
is a simple, consistent, and efficient numerical method for solving 
steady-state heat conduction problems, providing a robust basis for 
thermal analysis. 
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1. Introduction 

Boundary value problems (BVPs) are a key scientific and engineering problem because many physical systems 
involve partial differential equations with given boundary conditions. The equations of steady-state heat 
conduction are elliptic partial differential equations (typically Laplace or Poisson equations), and the solution is 
not time-dependent [1] and [2]. These equations play a significant role in the temperature setting of thermal 
equilibrium in electronic cooling, building insulation, and material processing [3] and [4]. Such problems are 
commonly modelled mathematically using the Poisson equation, which describes internal heat generation in 
homogeneous media [5]. 

Analytical methods of solving elliptic BVPs typically apply only to those problems whose geometry and 
idealized boundary conditions [6]. In real-life engineering situations, however, complex geometries, mixed 
boundary conditions, or spatially varying material properties are standard, and analytical methods are therefore 
not feasible [7] and [8]. This has prompted the invention and use of numerical techniques that provide 
approximate solutions to otherwise unsolvable problems [9]. Among them, the finite difference (FDM) method is 
simple, easy to implement, and computationally efficient, particularly in structured domains [10] and [11]. 

In the finite difference method, the differential domain is discretized into a grid of points, and derivatives are 
approximated using difference equations; the resulting system of difference equations is derived from the 
governing partial differential equation of state, yielding a system of algebraic equations [12] and [13]. This method 
is efficient in one-dimensional steady-state heat conduction equations, to which it has been extensively verified 
to be correct [14] and [15]. The latest works have generalized FDM to the schemes of higher order and adaptive 
grids to enhance the accuracy and efficiency in the complicated configurations [16] and [17]. Moreover, the use of 
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FDM in combination with software such as MATLAB has increased its ease of use and accessibility in both 
academia and the workplace [18] and [19]. FDM remains a pillar of elliptic numerical analysis despite more 
sophisticated methods such as physics-informed neural networks, as it has demonstrated durability and well-
understood convergence behaviour [20] and [21]. 

The main issue this paper addresses is the accurate forecasting of temperature fields in steady-state heat-
conduction problems where analytical solutions are not readily available. Although FDM is established, its 
practical implementation, validation, and convergence analysis to particular Poisson-type problems are subject to 
thorough investigation, especially in the case of educational analysis and preliminary analysis of engineering. The 
proposed study thus addresses a canonical one-dimensional problem where Dirichlet boundary conditions are 
applied in order to show systematically how the method is applied, how accurate it is, and how it converges. 

This study aims at achieving two things: one being the development of a finite difference model of a one-
dimensional elliptic boundary value problem due to steady-state heat conduction, and the second is to verify the 
accuracy of the model by comparing it to an analytical solution, both of which are to be implemented and analysed 
with MATLAB. The paper also explores the properties of convergence of the method using 𝐿2 and 𝐿∞ error norms, 
and hence, gives a straightforward guideline to the numerical solution of steady-state thermal problems.  

2. Methodology 

2.1  Governing Equations of the Elliptic Boundary Value Problem 

Steady-state heat conduction in a homogeneous medium with internal heat production can be described by the 
Poisson equation [22]: 

 (1) 

 
is a temperature distribution, and is the internal term of the heat source. The spatial domain  

represents a simplified one-dimensional model of a physical system in which temperature change occurs 
primarily in one direction. 

2.2 Finite Difference Method 

Dirichlet conditions are applied at both ends of the domain: 

 (2) 

 
Modelling discrete temperatures at the boundaries is frequently employed in steady-state heat conduction 
analysis and provide a physical explanation of thermal constraints [23]. 

An analytical solution has been provided to facilitate numerical verification, as outlined below. 

 (3) 

 
This function satisfies the established boundary conditions and exhibits a continuous temperature profile 

throughout the domain. The analytical solution is differentiated twice with respect to  producing the 
corresponding source term and the governing equation is meticulously obeyed. The method of verification 
is standard to numerical analysis of elliptic problems of the second kind [24] and [25]. 

The finite difference method is used through the discretization of the spatial domain into a system of 
uniformly spaced grid points. The  equal subintervals of  form a grid with spacing . Each grid point 

is approximated by a discrete nodal value that represents the temperature at that point. 
The central difference scheme is used to approximate the second derivative of temperature with respect to 

space, 

 (4) 

which is second-order accurate and used in the steady-state heat conduction and Poisson-type problems [26] and 
[27]. Replacing this approximation in the governing equation yields a system of linear algebraic equations among 
the nodal temperatures. 

The boundary conditions are addressed by fixing the temperature values of the boundary nodes. The resulting 
system is of a tridiagonal coefficient matrix, thereby allowing for an efficient numerical solution. MATLAB is 
chosen as the computing system because it offers powerful features for operating on matrices and stable linear 
solvers [28]. 
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Both coarse and refined grids are numerically simulated to investigate the effect of grid resolution on the 
accuracy of the solution and convergence behaviour.  

3. Results and Discussion 

The comparison of numerical values of temperature at the grid points in the domain with the analytical value is 
reflected in Table 1. Both the absolute and percentage errors are provided to measure the accuracy of the 
numerical estimation. 

Overall, the numerical findings are in good agreement with the analytical solution. All interior nodes have a 
percentage error of less than 3%, which means that the finite difference method is a relatively accurate 
approximation, even when a coarse grid discretization is used. It shows the potential of the method to model the 
overall behaviour and trend of the temperature field in steady-state problems of heat conduction. 

It can be noted that both the absolute and the percentage errors steadily grow with the distance of the spatial 
coordinate to the right boundary of the domain. This behaviour is often linked to discretization error in finite 
difference methods. This effect is caused by the Dirichlet boundary conditions, which are enforced. It is also 
common to find that numerical error accumulation along the boundary is high on coarse grids, and it is not an 
indication of numerical method instability. 

Although there is a discretisation error, the numerical solution has been able to reproduce the shape and 
magnitude of the analytical temperature profile throughout the domain. The error values are relatively small, 
indicating that the second-order central difference approximation used in this research is consistent and reliable. 
These findings indicate that additional grid refinement would produce an even more minor difference between 
numerical and analytical solutions, as predicted by the convergence properties of the finite difference method 
theory. 

Overall, the comparison in Table 1 confirms the validity of the finite difference method for solving the one-
dimensional elliptic boundary value problem examined in this paper and provides a sound foundation for further 
analysis of convergence. 

To further investigate the numerical behaviour of the finite difference method, the calculations were also 
performed with various grid step sizes. The numerical solution with decreasing grid spacing shows minor 
deviations from the analytical solution. This means that the higher the step size, the less accurate the 
approximation of the desired numerical value, a key property of a consistent finite difference scheme. The fact 
that several different step sizes were used to evaluate the numerical method also makes the evaluation robust. It 
shows that it can indeed be used to solve steady-state heat conduction problems. In this study, numerical 
simulations were carried out using several grid step sizes, namely ℎ = 0.2,0.1,0.05, and 0.025, to examine the 
effect of grid refinement on the numerical solution. 

Table 1 Comparison between numerical and analytical temperature values at selected nodes 

Node (𝒊) 
Step size 

(𝒉) 
Position 
(𝒙𝒊) 

Numerical 
(𝑻𝒊) 

Analytical 
𝑻(𝒙𝒊) 

Absolute 
Error 

Percentage 
Error (%) 

1 0.2 0.2 0.128638 0.130997 0.002359 1.80 

2 0.2 0.4 0.157720 0.160877 0.003157 1.96 

3 0.2 0.6 0.128886 0.131714 0.021471 2.15 

4 0.2 0.8 0.070195 0.071893 0.001698 2.36 

 

  



Enhanced Knowledge in Sciences and Technology Vol. 6 No. 1 (2026) p. 75-81  78 

 

 

Table 2 Finite difference discretization at a single interior node (𝒙 = 𝟎. 𝟐) for different step sizes 

Step size (𝒉) Node (𝒊) 𝒉𝟐 𝒉𝟐𝒇(𝟎. 𝟐) Finite difference equation 

0.20 1 0.040000 -0.02738 −𝟐𝑻𝟏 + 𝑻𝟐 + 𝑻𝟎 = −𝟎. 𝟎𝟐𝟕𝟑𝟖 

0.10 2 0.010000 -0.00685 −𝟐𝑻𝟐 + 𝑻𝟑 + 𝑻𝟏 = −𝟎. 𝟎𝟎𝟔𝟖𝟓 

0.05 4 0.002500 -0.00171 −𝟐𝑻𝟒 + 𝑻𝟓 + 𝑻𝟑 = −𝟎. 𝟎𝟎𝟏𝟕𝟏 

0.025 8 0.000625 -0.00043 −𝟐𝑻𝟖 + 𝑻𝟗 + 𝑻𝟕 = −𝟎. 𝟎𝟎𝟎𝟒𝟑 

 

Table 2 shows how the grid step size influences the behaviour of the discretisation of the finite difference 
method with one interior node. The larger the step size, the larger the magnitude of the discretisation term, and 
this is a representation of the second-order nature of the central difference approximation. This observation 
supports the conclusion that grid refinement increases numerical accuracy because smaller step sizes reduce 
truncation error in the finite-difference formulation. The smooth decrease in the discretisation contribution due 
to the reduction in the grid spacing provides definite numerical support for the convergence and consistency of 
the finite difference scheme. 

The temperature distribution is calculated using the analytical solution and is compared with the finite 
difference solution, as shown in Fig. 1. The analytical profile is in excellent agreement with the numerical results 
across the entire domain. In cases of coarse grid discretization, minor discrepancies are found at the interior 
nodes, and this is explained by the discretization error. The numerical solution, however, can preserve the 
magnitude and form of the temperature distribution, thereby proving the accuracy of the finite difference 
formulation. 

 

Fig. 1 Temperature distribution 

Fig. 2 shows the convergence behaviour of the numerical method using the  error norm. The error is 

proportional to the square of the grid spacing, indicating second-order convergence. This behaviour is in line with 
the theoretical validity of the central difference approximation in the discretization of the governing equation. The 
convergence findings also confirm the accuracy and consistency of the finite difference approach in the solution 
of elliptic equations of the steady-state heat conduction of a boundary value problem. The systematic reduction in 
numerical error with decreasing grid spacing further confirms that grid refinement significantly improves 
solution accuracy. This behaviour provides clear numerical evidence that the finite difference method converges 
towards the analytical solution as the mesh is refined. 
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Fig. 2 Convergence plot  

 

4. Conclusion 

The paper has managed to use the finite difference method to obtain a solution to a one-dimensional elliptic 
boundary value problem that comes up in the circumstances of steady-state heat conduction. This was discretized 
in MATLAB as the Poisson equation was solved with a second-order central difference scheme. The numerical 
solution has been validated against an analytical solution to assess accuracy and convergence behaviour. This 
comparison of the numerical temperature with the analytical temperature values showed good agreement 
throughout the computational domain, with percentage errors of less than 3% encountered when a coarse grid 
discretization was used. The obtained results can be used to verify that the temperature distribution can be well 
approximated even with a small number of grid points using the finite difference method. The observed 
differences were primarily due to discretization error and decreased with grid refinement. The convergence 
analysis also confirmed the number formulation. The  error norm showed the second-order convergence rate 

of the grid spacing, with the theoretical accuracy of the central difference approximation. This behaviour validates 
the stability, consistency, and reliability of the finite difference scheme used in this research. Overall, the results 
indicate that the finite difference method is a straightforward, effective, and accurate numerical technique for 
solving elliptic boundary value problems in heat conduction at steady-state. The current study is limited to a one-
dimensional problem with Dirichlet boundary conditions. However, with further investigation and research, it can 
be easily generalized to higher-dimensional domains and non-uniform grids, as well as more complex boundary 
conditions. 
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